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•  Part	  1	  (Nixon):	  
– Statement	  of	  problem	  
– Parameterizing	  the	  atmosphere	  
– Forward	  model/synthe6c	  spectrum	  calc.	  
– Sample	  results	  

•  Part	  2	  (Achterberg):	  
–  Informa6on	  content	  of	  thermal	  IR	  spectra	  
– Retrieval	  of	  atmospheric	  structure	  
– More	  sample	  results	  
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	   •  Absorp6on	  (Beer-‐Lambert	  Law):	  

	  
	  
•  Where: 	  I=	  radiance	  (W	  cm-‐2	  sr-‐1	  (freq)-‐1	  

k=	  absorp6on	  co-‐efficient	  and	  
	  sca]ering	  

ρ=	  absorber	  density	  
z=	  distance	  along	  op6cal	  path	  
	  

•  Similarly	  emission	  (Kirchoff’s	  law):	  

dI = !Ik!dz

dI = Jk!dz
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	   •  Combining	  these	  two	  is	  known	  as	  the	  
Schwarzchild	  equa6on:	  

	  
•  Where	  we	  have	  defined	  the	  op6cal	  depth	  χ	  
•  Note	  that	  the	  source	  func6on	  J	  is	  ocen	  the	  
Planck	  func6on	  when	  the	  atmosphere	  is	  in	  
local	  thermodynamic	  equilibrium	  (LTE):	  

dI = Jk!dz! Ik!dz
dI
d"

= I ! J;    " = !k!dz

B! (T ) =
2h! 3

c2 exp (h! / kT !1)[ ]
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	   •  Integra6ng	  the	  Schwarzchild	  equa6on	  from	  
χ=0	  to	  ∞	  gives	  the	  emerging	  radiance	  at	  the	  
top	  of	  the	  atmosphere:	  

	  
•  So	  the	  forward	  radiance	  calcula6on	  is	  
therefore	  typically	  a	  numerical	  computa6on	  of	  
the	  form:	  

•  Where	  τ=e-‐χ	  is	  the	  transmission	  (range	  0	  to	  1).	  

I0 = Je!! d!
0

"

#

I0 = Bi ! i+1 !! i( )
i=1

n

"
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	   •  Integra6ng	  the	  Schwarzchild	  equa6on	  from	  
χ=0	  to	  ∞	  gives	  the	  emerging	  radiance	  at	  the	  
top	  of	  the	  atmosphere:	  

I! = Je"! d!
0

!

#

I! =
"! z!, z( )

"z0

z!

# B T (z)( )dz+!sB Ts( )! s + 1$"s( )! s
"! 0, z( )
"z

B T (z)( )dz
z!

0

#

Emission	  from	  each	  layer	  at	  	  B(T)	  
mul6pled	  by	  transmission	  to	  space	  

Surface	  emission	  at	  	  B(Ts)	  
transmi]ed	  to	  space	  

Downward	  radia6on	  from	  atmosphere	  
reflected	  to	  space	  from	  surface	  	  

•  If	  we	  define	  τ=e-‐χ	  as	  the	  transmission	  (range	  0	  
to	  1),	  change	  the	  integra6ng	  variable	  to	  
al6tude	  (z)	  and	  add	  a	  planetary	  surface	  then:	  
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n	   •  For	  unit	  surface	  emissivity	  we	  can	  write	  the	  
integra6on	  as	  a	  sum	  over	  atmospheric	  model	  
layers:	  

I! = Bs! NL
+ Bl exp " #" i

i=1

l

$
%

&
'

(

)
*

+

,
-

.

/
0

l=1

NL

$

•  Typically	  the	  opacity	  of	  each	  layer	  Δχi	  has	  
contribu6ons	  from	  three	  sources:	  	  

!!L,i !!( ) = kj !!( )qij"# $%!i!zi
j=1

Ng

&

!!C,i !!( ) = ! jk !!( )qijqik
pi
p0

"

#
$

%

&
'

k=1

Ng

(
j=1

Ng

(
2
T0
Ti

"

#
$

%

&
'

2

!zi

!!P,i !"( ) = # j !"( )nji!zi
j=1

NP

"

SPECTRAL	  LINES	  

COLLISION-‐INDUCED	  
OPACITY	  (CIA)	  

PARTICULATES	  
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•  kj	  =	  	  spectral	  line	  absorp6on	  co-‐efficient	  per	  
	  unit	  mass	  for	  jth	  of	  Ng	  gases	  in	  atmosphere	  

•  qij	  =	  volume	  mixing	  ra6o	  of	  jth	  gas	  at	  level	  i	  
•  Ρi	  =	  total	  atmospheric	  mass	  density	  at	  layer	  i	  
•  Δzi	  =	  thickness	  of	  layer	  i	  
•  αjk	  =	  spectral	  CIA	  co-‐efficient	  for	  gas	  pair	  (j,k)	  at	  

	  pressure	  p0	  and	  temperature	  To	  
•  pi	  =	  pressure	  of	  layer	  i.	  
•  Ti	  =	  temperature	  of	  layer	  i.	  
•  σj	  	  =	  ex6nc6on	  cross-‐sec6on	  of	  jth	  par6cle	  type	  
•  nji	  =	  number	  density	  of	  jth	  par6cle	  type	  in	  layer	  i.	  
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	  I	   •  Spectral	  line	  opacity	  is	  defined	  by	  the	  line	  strength	  and	  
shape: 	   	   	   	   	   	   	  	  

•  where	  

•  The	  line	  shape	  func6on	  f	  is	  ocen	  given	  by	  the	  Voigt	  
profile,	  a	  combina6on	  of	  Lorentz	  (pressure)	  and	  
Doppler	  (temperature)	  broadening:	  

•  Where	  k,	  h	  and	  c	  are	  the	  usual	  constants;	  m	  is	  the	  
molecular	  mass,	  T	  is	  temperature	  and	  αL	  is	  the	  
Lorentzian	  HWHM.	  

•  αL	  and	  S	  are	  usually	  obtained	  from	  tabulated	  line	  lists.	  

k! = Sf v! v0( )

S = k! d!!

f ! !!0( ) =
"L #( )

! !!0( )! uv0 c( )2{ }+"L
2"

#$
%
&'

m
2#kT
(

)
*

+

,
-
1/2

exp !mu2

2kT
(

)
*

+

,
-du

!.

+.

/
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•  The	  Voigt	  profile	  (previous	  slide)	  combines	  both	  
Doppler	  and	  Lorentz	  line	  shapes.	  
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•  However	  we	  must	  allow	  for	  temperature	  dependence.	  
•  For	  αL:	  
	  
•  Where	  the	  parameter	  ‘n’	  is	  known	  as	  the	  ‘temperature	  

dependence	  of	  width’.	  
•  For	  S:	  

•  Where	  E’’	  is	  the	  lower	  state	  energy	  of	  the	  transi6on,	  
and	  R	  and	  V	  are	  the	  rota6onal	  and	  vibra6onal	  par66on	  
func6ons:	  

•  For	  R:	   	   	   	   	   	  where	  	  x=1	  for	  linear	  molecules	  
	   	   	   	   	   	   	   	   	  x=1.5	  otherwise	  

	  
•  For	  V	  can	  use:	   	   	   	   	   	   	   	  	  
•  quantum	  harmonic	  oscillator	  approxima6on,	  with	  

frequencies	  vj	  and	  degeneracies	  gj	  

!L P,T( ) =!L.0
P
P0

T0
T
!

"#
$

%&

n

S = S
0

V0R0
VR

exp hc
k

!!E 1
T0
"
1
T

#

$
%

&

'
(

)
*
+

,+

-
.
+

/+

R(T ) = T x

V (T ) = 1! exp !h! j kT( )( )
j
"

!gj
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s	   •  For	  spectral	  lines,	  posi6on,	  strength	  and	  
broadening	  and	  other	  informa6on	  is	  available	  
in	  line	  atlases:	  the	  two	  main	  public	  ones	  being:	  

–  GEISA:	  Ges6on	  et	  Etude	  des	  Informa6ons	  
Spectroscopiques	  Atmosphériques	  (Management	  
and	  Study	  of	  Atmospheric	  Spectroscopic	  
Informa6on):	  best	  coverage	  for	  planets	  

h]p://ether.ipsl.jussieu.fr/etherTypo/?id=950	  
	  
–  HITRAN:	  high-‐resolu6on	  transmission	  molecular	  
absorp6on	  database:	  best	  coverage	  for	  Earth	  gases	  

h]p://www.cfa.harvard.edu/hitran/	  
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HCN	  v2	  band	  at	  712	  cm-‐1	  
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	   •  The	  calcula6on	  of	  spectral	  lines	  (esp.	  the	  Voigt	  func.)	  is	  

slow	  and	  computa6onally	  intensive.	  
•  Dense	  bands	  may	  have	  104-‐105	  lines:	  	  e.g.	  CH4	  v4	  band,	  

~25,000	  lines	  from	  1100-‐1500	  cm-‐1.	  
•  Therefore	  approximate	  methods	  some6mes	  used.	  
•  Several	  decades	  ago,	  analy6cal	  band	  models	  were	  

popular:	  
–  ‘Regular’	  Model	  (Elsasser):	  assumes	  grid	  of	  iden6cal	  strength	  

lines	  spaced	  by	  δ:	  

…	  so	  only	  have	  to	  calculate	  line	  shape	  for	  one	  line!!!	  
–  ‘Random’	  Model	  (Goody):	  assumes	  lines	  have	  some	  

probability	  distribu6on	  of	  strengths:	  

!" = exp ! k"!n#$z
!"

+"

#
$

%
&

'

(
)

! = exp !
Wi

""i=1,N
#

$

%
&&

'

(
)) W = k!md!

!"

+"

# = Sm P(S) = 1
S
exp !

S
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"

#
$
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•  The	  most	  popular	  approximate	  method	  for	  
rapid	  radia6ve	  transfer	  computa6ons	  in	  recent	  
years	  is	  the	  correlated-‐k	  method.	  

•  This	  technique	  uses	  a	  frequency	  analysis	  of	  the	  
fundamental	  line	  distribu6ons,	  replacing	  the	  
slow	  computa6on	  of	  individual	  lines	  with	  a	  
parameteriza6on	  of	  the	  cumula6ve	  absorp6on	  
co-‐efficient	  distribu6on	  in	  each	  spectral	  bin.	  

•  Freq	  dist.:	  
	  
•  Cum.	  dist	  g(k):	  
•  And	  inverse,	  k(g):	  

f ki( ) = 1
!2 !!1

"! j

"ki
W ki,ki +"ki( )

j

M

#

g kn( ) = f ki( )!ki;     kn g( ) = g"1 kn( )
i=1

n

#
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9030 LACIS AND OINAS' CORRELATED k DISTRIBUTION AND NONGRAY ABSORPTION 
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Fig. 1. Absorption coefficient spectrum for the 1510-1520 cm -I portion of the 6.3-/am water vapor band. (a) 
Line-by-line absorption coefficients for a pressure of 10 mbar and temperature 240 K and (c) for a pressure of 1 bar and 
296 K. The spectra utilize the AFGL 1982 atmospheric line compilation [Rothman, 1981] and include 141 lines with 
absorption contributions from outside of the interval within a 5 cm -1 Lorentz wing cutoff limit. (b and d) Absorption 
coefficient frequency distributions corresponding to absorption spectra in Figures la and lc, respectively. (e) 
Cumulative frequency distributions of the absorption coefficient spectra in Figures la and lc. (f) The k distributions 
of the absorption coefficient spectra Figures la and lc. Malkmus band model equivalents, obtained to provide best fit 
to line-by-line transmission, are shown by dashed lines. 
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•  The	  model	  atmosphere	  defines	  the	  ver6cal	  (1D)	  
dependence	  of	  atmospheric	  quan66es	  including:	  

•  Temperature	  
•  Gas	  abundances	  
•  Par3cle	  abundances	  
•  E.g.	  Jupiter	  model	  from	  Nixon	  et	  al.	  (2007):	  
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•  Weigh6ng	  func6on:	  the	  opacity	  contribu6on	  
from	  each	  model	  layer:	  

•  Contribu6on	  func6on:	  the	  WF	  mul6plied	  by	  
the	  Planck	  func6on	  of	  the	  layer:	  

•  Both	  the	  WF	  and	  CF	  refer	  to	  the	  opacity	  from	  
all	  sources.	  Therefore	  it	  is	  also	  useful	  to	  know	  
the	  Jacobian	  matrix	  or	  Func6onal	  Deriva6ve:	  

WF(i) = !! i = exp "ki!i!zi( )

CF(i) = B Ti( )!! i = B Ti( )exp "ki!i!zi( )

FDi, j =
!
!qj

I(" i,q)
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•  We	  now	  look	  at	  a	  worked	  example	  of	  
fizng	  Jupiter	  hydrocarbon	  emission	  
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54 C.A. Nixon et al. / Icarus 188 (2007) 47–71

continuum and methane ν4 band. In these regions, the gas ver-
tical abundance has been held constant to allow derivation of
temperature information. The hydrogen continuum sounds only
in the upper troposphere at 150–400 mbar. The methane ν4
band however is sensitive to two distinct stratospheric regions:
strongly in the lower stratosphere (1–10 mbar) and weakly
in the upper stratosphere (5 µbar), most notably in Q-branch
lines.

Using H2 and CH4 spectral data we have the possibility of
retrieving information in three distinct altitude regions of the
atmosphere. However, the emission at 5 µbar is a small fraction
of the overall emission (<10% at 1304 cm−1 and less in the P-
and R-branches) and hence will have a correspondingly large
error associated with it.

Note that individual lines are still unresolved at the high-
est spectral resolution of CIRS, and appear as line manifolds.
It should also be emphasized that these were calculated for a
typical equatorial temperature profile (the nominal a priori pro-
file used in later retrievals, see Section 3.1), and the relative
strengths of the various contributions vary towards the poles,
especially in the auroral regions where the upper atmosphere
is heated by charged particle precipitation along magnetic field
lines.

Fig. 5 shows the functional derivative of radiance with
respect to acetylene vertical abundance. For the strongest
emissions, which correspond to the P- and Q-branches of
the ν5 band, the contribution peaks at around 5 mbar in the
stratosphere, however there is also sensitivity at ∼0.1 mbar
and 10 µbar. Note that the 0.1-mbar emissions are in many
instances spectrally offset from the P- and Q-branch line man-

ifolds, and are due to weaker ‘hotbands’ (non-ground-state
transitions) rather than the ν5 band. For example, at ∼716.5
and ∼731.5 cm−1, transitions of the (ν4 + ν5) − ν4 hotband
(Jacquemart et al., 2001) are seen. These emissions are strongly
dependent on temperature and therefore peak at a higher alti-
tude level.

Finally, there is absorption at 100–400 mbar in the upper
troposphere, discussed by Bétrémieux et al. (2003) in relation
to their own analysis of the C2H2 ν5 band observations using
the NASA Infrared Telescope Facility (IRTF), at ∼15× higher
spectral resolution. We will return to this topic in Section 6.1.
Fig. 6 is the result of a similar calculation for ethane, which
shows a less complicated picture. The primary emission is again
around 5 mbar, with absorption in the upper troposphere.

A key question for ethane and acetylene is whether the tro-
pospheric absorption can be sufficiently distinguished from the
stratospheric emission. A cross correlation of functional deriv-
atives conducted by us indicates that the two levels are indeed
spectrally correlated to a significant degree (>70%). However,
substantial spectral differences remain, especially in the wings
of the lines, and moreover the retrieval problem is non-linear,
which led us to conduct several experiments with synthetic re-
trievals to assess the validity of separating these two levels,
discussed in Section 4.3.

Additionally, the 0.1 mbar hot band emissions of C2H2 pose
an interesting dilemma. While the spectral contribution at this
level is undoubtedly different from the emissions in the lower
stratosphere, the temperature is not constrained by the avail-
able information from the CH4 ν4 spectrum. Fouchet et al.
(2000) utilized the hot band information in their analysis of ISO

Fig. 5. Functional derivatives for acetylene, as a function of wavenumber. Lighter areas (solid contours) show a positive contribution, darker areas (dotted contours)
show a negative contribution.

Meridional variations of C2H2 and C2H6 on Jupiter 55

Fig. 6. Functional derivatives for ethane, as a function of wavenumber. Lighter areas (solid contours) show a positive contribution, darker areas (dotted contours)
show a negative contribution.

disk-average spectra, by assuming a temperature profile above
1 mbar, equal to a smoothed version of the Galileo Probe ASI
instrument profile. From the hot bands and ν5 band, a vertical
abundance gradient was thus derived.

In this analysis, we will allow a similar process to take place.
In the 0.1 mbar region, the temperature profile is constrained
mainly from information regions above (0.01 mbar) and below
(1 mbar), and the a priori profile. The retrieved temperatures in
this region therefore represent a smoothed ‘interpolation’ across
the low-information region, and tied above and below to real
information. Therefore, the retrieved acetylene abundances at
0.1 mbar will be subject to the caveat that there are based on
‘interpolated’ temperatures.

4. Data analysis

4.1. Method

A two-step method was followed. In the first step, selected
spectral regions were analyzed to derive a temperature profile.
As discussed previously, sections of spectral continuum due to
the broad S(1) line of H2 at 600–670 and 760–800 cm−1 from
FP3 were included to constrain upper tropospheric tempera-
tures, whilst the P- and Q-branches of the methane ν4 band at
1225–1325 cm−1 on FP4 were used to constrain temperatures
in the stratosphere.

For each spectrum, corresponding to a single latitude bin,
the forward model was calculated repeatedly, varying only the
temperature profile to obtain a best fit according to a non-linear
least-squares minimization technique (see Section 4.2). This
process was repeated at 28 latitudes between 70◦ S and 70◦ N,

using constant profiles for CH4 and H2. Since the methane
mixing ratio profile is predominantly controlled by mixing and
diffusive separation, this is equivalent to assuming a constant
eddy mixing coefficient profile that is the same at all latitudes.
This assumption was necessary to enable the stratospheric tem-
peratures to be found.

When inverting the methane emission to find the tempera-
ture at 1–10 mbar, this assumption of K uniform with latitude
is not very restrictive. At this level, CH4 is still close to its deep
atmospheric value, unless K was reduced by a factor of ∼100.
However, the 5 µbar level is near, but below, the photolysis and
the homopause region for CH4 in our model and thus the mixing
ratio of CH4 at this level is sensitive to our choice of photo-
chemical model parameters.

Once the temperature profiles were found, they were held
fixed, and used to retrieve vertical abundance profiles for C2H2
and C2H6 in separate calculations. Spectral windows from 670–
760 and 800–850 cm−1 were modeled for this purpose. The gas
profiles were initially set to calculated photochemical model
profiles, and subsequently adjusted by the minimization tech-
nique to obtain a solution. Fig. 2 highlights the spectral regions
used to derive information.

In this stage, the effect of varying ammonia, phosphine
and haze profiles was also investigated. However, only vari-
ations in ammonia measurably improved the fit for ethane,
hence phosphine and haze were fixed at a priori values. The
scope of this paper does not extend to the retrieved profiles for
NH3. CIRS results for jovian NH3, PH3 and clouds/haze have
been previously published in the literature (Irwin et al., 2004;
Achterberg et al., 2006; Abbas et al., 2004; Fouchet et al.,
2004a).
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60 C.A. Nixon et al. / Icarus 188 (2007) 47–71

Fig. 11. Example spectral data and model fits for hydrogen S(1) and methane ν4 spectral regions.

Fig. 12. Retrieved zonally averaged stratospheric temperatures at 5 mbar (upper figure) and 200 mbar (lower figure).

60 C.A. Nixon et al. / Icarus 188 (2007) 47–71

Fig. 11. Example spectral data and model fits for hydrogen S(1) and methane ν4 spectral regions.

Fig. 12. Retrieved zonally averaged stratospheric temperatures at 5 mbar (upper figure) and 200 mbar (lower figure).

H2	  band	  fit	  

CH4	  band	  fit	  
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Fig. 13. Example spectral data and model fits for the C2H2 ν5 band (left) and residuals (right). The large periodic ‘spikes’ seen in the residual are an instrumental
artifact due to electrical noise.

5.2.2. Ethane
Fig. 17 shows spectral fits to the C2H6 ν9 band at ∼800–

850 cm−1 (left) and residuals (right). In this case, the model
has fit the spectrum only to the ∼90% level, clearly leaving
ethane spectral information in the residual. The main reason for
the poorer fit for ethane, compared to acetylene, is suspected
to be due to incorrect line strengths and hotband omissions in
the laboratory spectral line data in GEISA 2003, a problem no-
ticed by others (T. Kostiuk and T. Livengood, NASA GSFC,
2006, private communication). A more severe problem afflicts
the HITRAN 2000 ethane line data, in which the line positions
are also faulty, and gave substantially worse fits to the spectrum
than GEISA 2003.

Fig. 18 shows retrieved vertical profiles for C2H6. The main
information regions are around 5 mbar in the stratosphere and
200 mbar in the troposphere (Fig. 6). Fig. 19 shows the merid-
ional variation of the stratospheric VMR at 5 mbar (upper
panel) and the tropospheric VMR at 200 mbar (lower panel).
Both figures show similar trends: a rise in VMR from equa-
tor to 70◦ N by a factor ∼1.75 and a greater rise of ∼2.0 from
equator to 70◦ S, at both altitudes.

6. Discussion

6.1. Comparison to other abundance determinations

6.1.1. Voyager IRIS
During the Voyager 2 flyby of 9th July 1979, the IRIS in-

strument, the conceptual predecessor of CIRS, made spatially
resolved measurements of Jupiter at a spectral resolution of
4.3 cm−1. The spectral range of IRIS, 200–1400 cm−1 covers
the same range as the CIRS FP3 and FP4 arrays, which have
a higher spatial, as well as spectral, resolution. IRIS therefore
was able to make spectrally unresolved measurements of the
C2H2 ν5 band and C2H6 ν9 band.

By comparing the variation of the intensity ratios of the two
band centers, Hanel et al. (1979a) showed that the 821 cm−1/
729 cm−1 ratio was increasing away from the equator, in
co-added spectra sets at comparable airmasses. A depletion
of C2H2 towards the south pole was hypothesized. Both re-
sults are now confirmed by CIRS. Additionally, the IRIS
team found a hemispheric asymmetry in the band ratio, which
was higher in the north than the south. A similar ratio com-

Meridional variations of C2H2 and C2H6 on Jupiter 63

Fig. 16. VMRs for C2H2 at 100 µbar in the stratosphere, and VMR gradients from 10 mbar to 100 µbar.

Fig. 17. Example spectral data and model fits for the C2H6 ν9 band (left) and residuals (right).

C2H2	  band	  fit	  

C2H6	  band	  fit	  
Electrical	  interference	  
‘spikes’	  	  
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62 C.A. Nixon et al. / Icarus 188 (2007) 47–71

Fig. 14. Retrieved vertical VMR profiles for C2H2 at selected latitudes, with error bars. The a priori profile is also shown for comparison (dashed line). Gray shaded
regions indicate the altitudes of the atmosphere to which the retrieval is sensitive.

Fig. 15. Retrieved VMRs for acetylene at 5 mbar in the stratosphere and 200 mbar in the troposphere.

puted for CIRS (Kunde et al., 2004) does not exhibit a
strong north–south difference, but an equal rise towards both
poles.

More recently, Maguire et al. (in preparation) have just fin-
ished revisiting the Voyager 1 IRIS data, and completed a study
of the meridional variations of C2H2 and C2H6. These results
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Fig. 18. Retrieved vertical VMR profiles for C2H6 at selected latitudes, with error bars. The initial a priori profile is also shown for comparison (dashed line). Gray
shaded regions indicate the altitudes of the atmosphere to which the retrieval is sensitive.

Fig. 19. Retrieved VMRs for ethane at 5 mbar in the stratosphere and 200 mbar in the troposphere.

show that (i) ethane is constant, or increasing away from the
equator, and (ii) acetylene is constant, or decreasing towards
the poles. In short, their findings are in excellent qualitative

agreement with our findings, although their results also hint that
acetylene may not decrease in the north nearly so much as in the
south (see Section 6.3).
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782 C.A. Nixon et al. / Icarus 195 (2008) 778–791

Fig. 2. Equator. Contour plots of the normalized functional derivatives (see text) for temperature and the five retrieved gas isotopes, calculated using the a priori gas
profiles and isotopic ratios, and the retrieved temperature profile at the equator. Contour levels are: 0, ±0.0046, ±0.01, ±0.0215, ±0.046, ±0.1, ±0.215, ±0.46.

aerosol. For the acetylene region, five parameters: the scale fac-
tors for 12C2H2, 13C12CH2, aerosol, plus C3H8 and C2H6 as
well. However, we found that the equatorial profile of C2H2 did
not provide a satisfactory fit at high latitudes, and hence an in-
termediate step was introduced. Using the temperatures from
CH4 ν4, we allowed a full vertical profile retrieval for 12C2H2.
This profile shape was then rescaled by 0.0222 and used as an a
priori profile shape for the simple 5-parameter scaling retrieval
of 13C12CH2.

3.5. Error propagation in the retrieval

For a single-step temperature retrieval, the 1-σ error on the
retrieved state vector x̂ is given by the square-root of the diago-
nal elements of the error covariance matrix, Ŝ, calculated by

(1)Ŝ =
(
S−1

a + KTS−1
ε K

)−1 + SCH4 ,

where Sa is the a priori error estimate (matrix) of the a priori
state vector, a. Sε is the measurement error (matrix), which is
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780 C.A. Nixon et al. / Icarus 195 (2008) 778–791

Table 2
Titan observational data

Titan flyby Date Selected lat. range
(lmin, lmax)

FP3 FP4

Mean lat. Nspec Mean emiss. Mean lat. Nspec Mean emiss.

T19 10 Oct 2006 (−70,−60) −65 827 39.8 −65 820 37.6
T04 31 Mar 2005 (−45,−35) −40 627 48.6 −40 629 45.6
T12 18 Mar 2006 (−5,5) 0 1500 18.5 0 1500 22.9
T04 01 Apr 2005 (30, 40) 35 796 47.9 35 747 44.5
T22 27–28 Dec 2006 (66, 76) 71 1376 50.0 73 1033 45.0

Fig. 1. A priori vertical mixing ratios for Titan hydrocarbons and isotopologues in the atmospheric model.

rate sub-ranges: (1) 720–760 cm−1 for 12C2H2 and 13C12CH2
ν5 Q- and R-branches, including the C3H8 ν21 at 748 cm−1, and
(2) 800–840 cm−1 for 12C2H6 ν9 (and several hot bands), and
13C12CH6 ν12. These ranges were selected for several reasons:
to avoid analyzing the P- and R-branches of the same emis-
sion band, which contain similar information; to avoid model-
ing HCN at 713 cm−1 that is highly variable; and to avoid the
more prominent instrumental noise artifacts on FP3, especially
at 768 cm−1.

3. Data analysis

3.1. Model atmosphere

As a precursor to spectral calculation, a model equatorial
Titan atmosphere was constructed with 147 individual layers
equally spaced in log-p from the surface (1450 mbar) to an al-
titude of 600 km (0.34 µbar). The T –p profile was a smoothed
version of the Huygens HASI (Fulchignoni et al., 2005) tem-
perature profile with heights computed from hydrostatic equi-
librium (see Fig. 8). The CH4 profile was taken from Huy-
gens GCMS data (Niemann et al., 2005), and interpolated onto
this new altitude grid. Molecular nitrogen was defined to be:
q(N2) = 1 − q(CH4) and H2 was included at a constant mixing
ratio of 1 × 10−3.

For minor gas species, we used the equatorial vertical pro-
file of Vinatier et al. (2007a) for C2H2, while for C2H6 and
C3H8 (needed to model C2H2—see below) we used constant
stratospheric mixing ratios consistent with Coustenis et al.
(2007) and calculated condensation in the lower atmosphere.
The isotopologues 13CH4, 13C12CH2 and 13C12CH6 were in-
cluded as separate profiles at scaled fractions of 0.01215,
0.02430 and 0.02430, respectively, relative to the primary
species at all levels, in line with the GCMS measurement of
12CH4/13CH4 = 2.3 ± 1.0. Finally, a gray spectral absorber
was included with a constant number of particles/gram in the
stratosphere following Nixon (1998). Initial gas profiles are
shown in Fig. 1.

3.2. Forward spectral model

Synthetic spectra were calculated from this atmospheric
model using the method of correlated-k (Lacis and Oinas,
1991). k-Tables of gaseous opacity over appropriate ranges
of temperature and pressure were pre-calculated from several
spectral line lists including GEISA 2003 (Jacquinet-Husson et
al., 2005) for 12C2H2, 13C12CH2 and C3H8, and HITRAN 2004
(Brown et al., 2003; Rothman et al., 2005) for 12CH4, 13CH4
and CH3D as discussed in Teanby et al. (2007).
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	   •  Given:	  

– a	  set	  of	  m	  measurements	  yi	  with	  
uncertain6es	  εi,	  

– An	  atmospheric	  state	  vector	  x	  with	  n	  
elements,	  

– A	  forward	  model	  F(x)	  rela6ng	  the	  
measurements	  to	  the	  state	  vector	  

•  Solve	  y	  =	  F(x)	  +	  ε	  for	  the	  atmospheric	  
state	  x.	  

The	  inverse	  problem	  is,	  in	  general,	  under-‐
constrained:	  there	  are	  mul6ple	  solu6ons	  
within	  the	  measurement	  uncertainty.	  
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•  Linearize	  the	  inverse	  problem	  about	  a	  
reference	  atmospheric	  state	  x0:	  
	  
	  

•  K	  (the	  inversion	  kernel)	  gives	  the	  change	  
in	  observed	  radiance	  for	  a	  given	  change	  
in	  the	  atmospheric	  state	  vector.	  

In
fo
rm
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on
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nt
	  (1

)	  

! 

y "F(x0) =K(x " x0) +#

Kij =
$Fi(x)
$x j
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)	   •  Two	  common	  features	  of	  inversion	  
kernels:	  

•  Rows	  of	  K	  are	  linearly	  dependent	  
– Rank(K)	  <	  min(m,n)	  
•  m	  measurements	  gives	  <	  m	  independent	  pieces	  
of	  informa6on	  about	  the	  atmosphere	  

– KTK	  is	  singular,	  or	  nearly	  so	  
•  Standard	  least-‐squares	  techniques	  do	  not	  work	  
(greatly	  amplify	  measurement	  noise)	  

•  Individual	  measurements	  average	  over	  a	  
broad	  al6tude	  range	  (~scale	  height)	  
– Li]le	  to	  no	  informa6on	  on	  structure	  at	  small	  
ver6cal	  scales	  
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)	  
•  K	  can	  be	  expressed	  in	  the	  form	  (Singular	  
Value	  Decomposi6on)	  

K	  =	  UΛVT,	  
where	  U	  (m	  ×	  p)	  and	  V	  (n	  ×	  p)	  are	  orthonormal	  
(UTU=I)	  and	  Λ	  (p	  ×	  p)	  is	  diagonal,	  p	  =	  rank(K)	  

•  Using	  U	  and	  V	  as	  basis	  func6ons,	  
y	  –	  F(x0)	  =	  Uy’,	  	  	  	  	  x	  –	  x0	  =	  Vx’	  

	  	  	  	  the	  linearized	  inverse	  problem	  can	  be	  	  
wri]en	  as	  

y’	  =	  Λx’	  +	  UTε	  
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)	   •  Solving	  for	  x’	  and	  sezng	  ε	  =	  0	  gives:	  
x’	  =	  Λ-‐1y’	  

–  If	  n	  =	  m	  =	  p,	  this	  is	  exact,	  if	  n	  <	  p,	  it	  is	  the	  
least-‐squares	  solu6on,	  if	  n	  >	  p,	  it	  is	  the	  
solu6on	  that	  minimizes	  ||x’||2.	  

•  For	  realis6c	  problems,	  K	  is	  usually	  nearly	  
singular:	  many	  Λii	  are	  small	  (several	  
orders	  of	  magnitude	  <	  max(Λii))	  
– The	  reconstructed	  x	  =	  Vx’	  is	  dominated	  by	  
terms	  for	  which	  Λii	  is	  small,	  which	  are	  just	  
the	  terms	  for	  which	  y’	  	  is	  dominated	  by	  
noise.	  
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Λii	  for	  Saturn	  tropospheric	  temperature	  kernel	  
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SLIDE	  40	  

In
fo
rm

a6
on

	  C
on

te
nt
	  (5

)	   •  In	  prac6ce,	  the	  number	  of	  independent	  
parameters	  that	  can	  be	  usefully	  retrieved	  
above	  the	  noise	  level	  is	  the	  number	  of	  
singular	  values	  of	  K	  with	  Λii	  larger	  than	  
about	  ε/σx,	  where	  σx	  is	  the	  “expected”	  
devia6on	  of	  the	  atmospheric	  state	  from	  
the	  reference	  state.	  

•  A	  useful	  retrieval	  method	  must	  suppress	  
those	  components	  of	  the	  state	  vector	  
that	  are	  dominated	  by	  noise	  
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n	   •  To	  suppress	  noise	  in	  the	  retrieval,	  expand	  the	  

devia6on	  of	  the	  state	  vector	  from	  the	  
reference	  value	  in	  a	  set	  of	  basis	  vectors	  F	  

Δx	  =	  x	  –	  x0	  =	  Fa	  
•  	  minimize	  a	  penalty	  func6on	  of	  the	  form	  

χ2	  =	  (ΔI-‐KFa)TE-‐1(ΔI-‐KFa)	  +	  γaTa	  
–  E	  is	  the	  measurement	  error	  covariance	  matrix	  
–  ΔI	  =	  y	  –	  F(x0)	  
–  First	  term	  is	  usual	  chi-‐squared	  used	  in	  least-‐squares	  
–  Second	  term	  penalizes	  devia6ons	  from	  the	  

reference	  state;	  γ	  determines	  the	  rela6ve	  strength	  
of	  the	  constraint	  

–  Constraint	  term	  and	  basis	  func6ons	  F	  both	  act	  to	  
smooth	  the	  solu6on.	  
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•  Minimiza6on	  of	  χ2	  gives	  

Δx	  =	  GΔI	  
G	  =	  SKT(γ-‐1KSKT	  +	  E)-‐1	  

–  S	  =	  FFT	  	  is	  the	  correla6on	  matrix	  of	  the	  basis	  vectors	  

–  Usually	  assume	  S	  of	  the	  form	  	  
Sij	  =	  exp[-‐(zi	  –	  zj)2	  /	  2c2]	  

–  Sezng	  γ	  ≈	  	  Tr(KSKT)	  /	  Tr(E)	  will	  usually	  give	  good	  noise	  
suppression	  without	  overly	  smoothing	  the	  result.	  

•  Sta6s6cal	  es6ma6on	  theory	  (Rogers,	  2000)	  gives	  
the	  same	  solu6on	  (with	  γ	  =	  1),	  but	  in	  this	  case	  S	  is	  
interpreted	  as	  the	  a-‐priori	  covariance	  matrix	  for	  
the	  ensemble	  of	  expected	  solu6ons.	  

•  Above	  solu6on	  assumes	  the	  problem	  is	  linear;	  in	  
prac6ce	  the	  solu6on	  must	  be	  iterated	  to	  account	  
for	  nonlineari6es.	  
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•  Error	  covariance	  matrix	  for	  the	  retrieved	  
solu6on	  is	  	  σx	  =	  GEGT.	  
–  Diagonal	  elements	  give	  an	  es6mate	  of	  how	  much	  
the	  retrieved	  solu6on	  will	  vary	  if	  the	  measurements	  
are	  varied	  by	  their	  es6mated	  uncertainty.	  

–  This	  es6mate	  assumes	  the	  problem	  is	  linear.	  
–  Real	  errors	  will	  be	  somewhat	  larger	  (~factor	  of	  2).	  
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CIRS	  equatorial	  spectrum	  of	  Jupiter	  
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•  Spectrum	  from	  600-‐675	  cm-‐1	  is	  
sensi6ve	  to	  T	  from	  ~100-‐400	  
mbar	  

•  Spectrum	  from	  870	  –	  1020	  
cm-‐1	  is	  sensi6ve	  to	  both	  T	  &	  
NH3	  from	  ~400-‐700	  mbar	  

•  Use	  600	  –	  676	  cm-‐1	  to	  retrieve	  temperature	  
•  Use	  870	  –	  1020	  cm-‐1	  to	  retrieve	  ammonia	  abundance	  

•  Use	  log(ammonia	  mole	  frac6on)	  as	  retrieved	  quan6ty	  
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Effect	  of	  temperature	  errors	  
on	  NH3	  retrieval	  

	  
	  
	  
	  
Rela6ve	  humidity	  is	  less	  
sensi6ve	  to	  errors	  in	  the	  
temperature	  than	  the	  
absolute	  mole	  frac6on	  when	  
absorber	  profile	  is	  
controlled	  by	  condensa6on,	  
dT/dz	  and	  rela6ve	  humidity	  
are	  constant	  (Killen	  &	  Flasar,	  
1996)	  
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•  Effect	  of	  assuming	  

cloud	  of	  varying	  
op6cal	  depth	  with	  
base	  at	  690	  mbar	  
(expected	  loca6on	  of	  
NH3	  cloud)	  

•  For	  p	  >~	  500	  mbar,	  
NH3	  retrieval	  is	  
sensi6ve	  to	  assumed	  
cloud	  opacity	  

•  CIRS	  spectra	  are	  
sensi6ve	  to	  NH3	  
rela6ve	  humidity	  at	  
~400	  –	  500	  mbar	  
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	   Map	  of	  NH3	  on	  Jupiter	  at	  438	  mbar	  
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•  Scoping	  the	  problem:	  
–  Parameterizing	  the	  atmosphere	  
–  Fundamental	  input	  informa6on,	  spectral	  line	  lists	  
etc	  

–  Radia6ve	  transfer	  code	  
•  Forward	  calcula6on:	  
–  Produce	  a	  sample	  spectrum	  
–  Compute	  sensi6vity	  (dI/dq)	  to	  model	  parameters	  
–  Understand	  informa6on	  content	  of	  spectrum	  

•  Op6mize/solve	  inverse	  problem:	  
–  Compute	  cost	  func6on	  (χ2)	  
–  Adjust	  parameters	  to	  minimize	  model-‐data	  
difference,	  subject	  to	  constraints	  

–  Compute	  errors	  on	  retrieved	  parameters	  
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•  Radia6ve	  Transfer:	  
Goody	  and	  Yung	  
“Atmospheric	  RadiaEon,”	  
2nd	  Edi6on,	  OUP,	  1989	  

•  Remote	  Sensing:	  
Hanel	  et	  al.	  “ExploraEon	  of	  
the	  Solar	  System	  by	  
Infrared	  Remote	  Sensing,”	  
2nd	  Edi6on,	  CUP,	  2003	  

•  Retrievals:	  
Rodgers	  “Inverse	  methods	  
for	  atmospheric	  sounding,”	  
World	  Scien6fic,	  2000.	  


